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This poor
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1 f/+ Imput: & graph . Output: centrality scores be[l1..m]. =/

BETWEENNESS CENTRALITY

BRANDES 1 3 functien BC{G) { be[1..m]l w [D..0]
4 for s € V do [in par] {
pred[:]lsucc[t]-ﬂl; o[tIn0; dist[tlmse;] PART 1: INITIALIZATION

»

5

[

T elzlmenqueveds] ; dist[s]mitrmd; &[1..nl=[0..0]

& QLol={s}; g _101..plepred 101..plesucc_101..pJ=[@.. B]1;
EI[ while engueued == O do

A

Vertex Importance 10 count_shortest_paths(): PART 2: COUNTING SHORTEST PATHS
1 =-ier
12| while itr = 0 do
(#Shortest pathS) 15 accumulate_dependencies () : (Gl aR i R e L]
14°FF
15

16 fumnetion count_shortest_paths() { enqueued = 8;
17(#if defined PUSHIMG_IN_PART_2
18 for v £ QLitr] do in par {

PUSHING [IN PART 2)

19 for w e N(v) do [in par] {

20 if dist[w] == = h {

21 Q_lfitr + 1] = Q_1[itr + 1] U {w} H

22 dist[w] = dist[#] + 1 ﬂ ; +renqueued;}

23 if dist[w] == dist[uv] + 1 {

24 slw] += =[v] ) [l pred_1[w] = pred_1[w] U {v};
250 Y ¥ %}

26(8if defined PULLING_IN_PART_2
27 for we V do in par {

PULLING (IN PART 2)

25 for o € N{w) do [in par] {

20 if ve qQlitrl @ {

a0 if dist[w] == = {

31 Q_1fitr + 11 = Q_1[itr + 1] U {w} A

32 dist[w] = dist[¢] + 1 ﬂ; ++enqueved; }

33 if dist[w] == dist[e] + 1§ {

34 alw] +u o[v] @) suee 1[w] = suce 1[w] U {v};
35,1 r 1 _,
36 gendif }

a7 .-

35| #if defined PUSHING_IN_PART_3
39| pred = |Jiosy oy Pred_1[i] @08Rn : -
40{#elif defined PULLING_IN_PART_3 ——p=—r—r
41 suce ® [Jgopy gy suec 0] @ Q H

42 IT +F10T,;

43

44 function accumulate_dependencies() {
45(#if defined PUSHIMG_IN_PART_3

46 for w e QLitr] do in par {

47 for v € predlw] do {8[v] +» o[ul/alwl(l + &lwl) @ @
45 bel[w] += §[w]; }; ==itr;

49/#elif defined PULLING_IN_FART_3

500 ==itr

51 for w & QLitr] do in par {dgqq4[w] = @;
52 for v € succlw] do &, 490wl += olwl/a[e]1(1+50x1) @ @ H:
53 Slw] w S,4g0w]; belw] +w S, gq0wl; 3}

54 #endiT }

PUSHING [IN PART 3)

PULLING (IN PART 3)

[1] U. Brandes. A faster algorithm for betweenness
centrality. J. of Math. Sociology. 2001.
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N~
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(#shortest paths)
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Compute immediate
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vertex in the shortest
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Compute immediate /
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Accumulate centrality
scores during backward
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Compute #shortest
paths between any
two vertices
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[1] E. G. Boman et al. A scalable parallel graph coloring algorithm for distributed memory computers. Euro-Par 2005.
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each vertex elongs /* Input: a graph G. Output: centrality scores bc[1..n). =/

1 /* Input: a graph

R@ for each
2 * Qutput: R[1..n]
contains acq

function BC(G) { bel1..n] = [0..0]
for s € V do [in par] (

et L PART 1 INITIALIZATION ]
pred(tlmsucc[tl=@; o[t]=0; dist[t)moc;) SART.1: SUTIALIZATION

ol[s]lsenqueuedsl; dist(s)witr=0; &(1..n])=[0..0]
QLO)={s}; Q_1[1..plmpred_1[1..plesucc_1[1..pI=(..0];

unt_shor test_path
count_shortest_paths(); ART 2: COUNTING SHORTEST PATHS )

r

tc[1..n] = [0..0]

/* Input: a graph G. 0

NONEeWN-

a graph G, a vertex r, the A parameter.
An array of distances d %/

I /* Input:
Output:

function BC(G) { bel1..
Define Il so that any
Define u <pred v with

4 function A-Stepping(G, r, A){
beckt=[c0..00]; d=[oc0..00]; active=[false..false];
bckt_set={@}; bckt[rl=0; d(rl=e; activel[rl=true;

itr=0; FITTICTTORM PART 3: DEPENDENCY ACCUMULATION

Graph Coloring

for b € bckt_set do { //For every bucket do...
do {bckt_empty = false; //Process b until it is empty.
process_buckets();} while(!bckt_empty); } }

Input: a grap . Output: An array o .nJ.
// In the code, the details of functions seq_color_partition and
// init are omitted due to space constrains.

function process_buckets() {
( for v € bckt_set[b] do in par - =
4 if(bckt[v]==b && (itr == @ or active[v])) {
active[v] = false; //Now, expand v's neighbors.
for w € N(v) {weight = d[v] + Wy )5
if(weight < d{wl) { @ //Proceed to relax w.
new_b = weight/A; bckt[v] = new_b;
bckt_set[new_b] = bckt_set[new_b] U {w};}
dlw] = weight; @ H;
if (bckt[w]==b)@) {active[w]=true; bckt_empt
(for v €V do in par
if(dfv] > b) {for we N(v) do {

function Boman-GC(G) {
done = false; c[1..n] = [0..0]; //No vertex is colored yet
//avail[il[j]=1 means that color j can be used for vertex i.
availl..nl[ .61 = [ AdEL: AT; AniteB.2P)i
while (!done) {
for P € 22 do in par {seq_color_partition(P);}
fix.conflictsi®is 33

itr == 0))

PageRank |[asia

1 function MST_Boruvka(G) {
sv_flag=[1..v]); sv=[{1}..{v}]; MST=[0..0];
avail_svs={1..n}; max_e_wgt=maxy weV(Ww,w)+1);

i} PUSHING
= D)

/* Input: a graph G, a numbd
Output: An array of ranks

while avail_svs.size() > @ do {avail_svs_new = 0;
for flag € avail_svs do in par {min_e_wgt[flag] = max_e_wgt;}
for flag € avail_svs do in par {

for v € sv[flag] do {

for w € N(v) do [in par] {

if (sv_flaglw] # flag) A
(Ww,w) < min_e_wgtlsv_flaglwll) @ (

min_e_wgtlsv_flaglwll = W ) @ H;
min_e_v[sv_flaglwl] = w; min_e_w[sv_flag[wl]l = v o ;
4 new_flaglsv_flaglwl]l = flag @ H: }

[ if (sv_flaglw] # flag) A (W(y,w) < min_e_wgt[flagl)

1

2

3

4 function PR(G,L,f) {

5 pri1..o2] = [f..f1; //Init]
6 for(l=1; Il <L; ++) {
7 new_pr[1..n] = [@..0];
8

9

0

1

2

3

HING_IN_PART_3
1 do in por ¢

{8lv] += olvl/olwl( + 5lw)) @ @ W)

{
] do in par {Sg4qqlw] = @;

clw] do 6,44[w] += olwl/olv](1+5(v]) @ @ H:
hlw]; belw] +m d,44[w]; )}

for v €V do in par {
update_pr(); new_pr[v]

Y33

min_e_wgt[flagl = Wy, \w); min_e_vlflagl = v;
min_e_w[flag]l = w; new_flag[flag] = sv_flag[w];
3} ¥
while flag = merge_order.pop() do {
neigh_flag = sv_flag[min_e_w[flagl];
for v € sv[flag) do sv_flag([flag] = sv_flaglneigh_flag]l;
svlneigh_flag] = sv[flagl U sv[lneigh_flag];
MST[neigh_flag] = MST[flag] U MST[neigh_flag]
U { (min_e_v[flag], min_e_w([flagl) };

function update_pr() {
for u € N(v) do [in par] {
4( {new_prLul += (f-prlvl)/d
5

6 {new_prlv] += (f-prlul)/a
7)1}

0
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/* Input:

each vertex belongs a graph G. Output: centrality scores bc[1..

1 /* Input: a graph

R@ for each
2 * Qutput: R[1..n]
contains acq

function BC(G) { be[1..n] = [0..0]
for s € V do [in par] (

for t € V do in par {
pred(tlssucc(tl=@; o[t]=0; dtst[l]-cx::)

ol[s]lsenqueuedsl; dist(s)witr=0; &(1..n])=[0..0]

QLO)={s}; Q_1[1..plspred_1[1..plesucc_1[1..pl=[P..0);

e et han
count_shortest_paths(); PART 2: COUNTING SHORTEST PATHS )

r

tc[1..n] = [0..0]

Input: a graph G. 0

NONEeWN-

il /* Input:
Output:

a graph G, a vertex r, the A parameter.
An array of distances d %/

function BC(G) { be[1..
Define Il so that any
Define u <pred v with

4 function A-Stepping(G, r, A){
beckt=[c0..00]; d=[oc0..00]; active=[false..false];
bckt_set={@}; bckt[rl=0; d[rl]=0; activelrl=true;

itr=0; FITTICTTORM PART 3: DEPENDENCY ACCUMULATION

Graph Coloring

for b € bckt_set do { //For every bucket do...
do {bckt_empty = false; //Process b until it is empty.
process_buckets();} while(!bckt_empty); } }

a graph . Output: An array o .k
// In the code, the details of functions seq_color_partition and
init are omitted due to space constrains.

function process_buckets() {
( for v € bckt_set[b] do in par =
4| if(bckt[v]==b && (itr == @ or active[®])) {
active[v] = false; //Now, expand v's neighbors.
for w € N(v) {weight = d[v] + Wy )5
if(weight < d{wl) { @ //Proceed to relax w.
new_b = weight/A; bckt[v] = new_b;
bckt_set[new_b] = bckt_set[new_b] U {w};}
dlw] = weight; @ H;
if (bckt[w]==b)@) {active[w]=true; bckt_empt
(for v €V do in par
if(dfv] > b) {for w

function Boman-GC(G) {
done = false; c[1..n] = [0..0]; //No vertex is colored yet
//avail[il[j]=1 means that color j can be used for vertex i.
avail[1..nJ[1..C1 = [1..1101..11; init(8, 2);
while (!done) {
for P € 22 do in par {seq_color_partition(P);}
fix_conflicts(); 3} }

v € N(v) do {

itr == 0))

=% f i ST_B ka(G)
PageRank new_bauely :cf:‘;:2=:‘1..vl;r;u‘;vi[('l){..(v)]; MST=[0..0];

avail_svs={1..n}; max_e_wgt=maxy weV(Ww,w)+1);

i} PUSHING
= o)

1 /* Input: a graph G, a numbd
2 Output: An array of ranks

while avail_svs.size() > @ do {avail_svs_new = 0;
for flag € avail_svs do in par {min_e_wgt[flag] = max_e_wgt;}
do in par {

HING_IN_PART_3
1 do in por ¢

{8lv] += olvl/olwl( + 5lw)) @ @ W)

4
] do in par {Sgqq(w] = @;

clw] do 8,44[w] +s olwl/olv](1+6(v]) @ @ B:
hlw]; belw] +m d,44[w]; )}

min_e_v[flag]
new_flag[flag] = sv_flag[w]l;

for u € N(v) do [in par] {

T (_f pr[v])/ while flag = merge_order.pop() do {
- = . a

neigh_flag = sv_flag[min_e_w[flagl];
for v € sv[flag) do sv_flag([flag] = sv_flaglneigh_flag]l;
svlneigh_flag] = sv[flagl U sv[lneigh_flag];
MST[neigh_flag] = MST[flag] U MST[neigh_flag]

U { (min_e_v[flag]l, min_e_w[flagl) };

3
4
:C
6 {new_prlv] += (f-prlul)/a
7)1}

0
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PUSHING VS. PULLING
RESEARCH QUESTIONS
What are push-pull

formulations of other
algorithms?

Can we apply the

push-pull dichotomy
to other graph
algorithms?
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PUSHING VS. PULLING
RESEARCH QUESTIONS

How do they differ in
complexity?
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Before we move to the
complexity analysisé

é a brief recap on

PRAM models.
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PRAM (Parallel Random Access Machine): a model used
to reason about the performance of parallel algorithms

All processes process in lock-steps,
communicate by reading from &
writing to a shared memory.

.CREW PRAM: concurrent writes to
the same cell are forbidden

2298 %

CRCW PRAM: concurrent reads
and concurrent writes to the same
cell take O(1) time.

2 ¢ %}E
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BASIC PRIMITIVES
K-RELAXATION AND K-FILTER

Simultaneous propagation of
updates: (pushing) from k
vertices to one of their
neighbors, and (pulling) to k
vertices from one of their
neighbors

We can use k-
Extract vertices updated in one RELAXATIONS and k-
or more k-RELAXATIONS FILTERS to derive all

the complexities
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BASIC PRIMITIVES
K-RELAXATION AND K-FILTER

We want complexities for (the Cartesian product of):
BFS

PageRank
1 Triangle
Counting

X u CRCW PRAM Betweenness

u CREW PRAM

t Pulling

+ some others J

Centrality
Graph
Coloring

0 aeStepping

I MST Boruvka
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COMPLEXITY ANALYSES

No worri es, W e

Letds only see h edll pesg dctalls here J

comparisons (others are similar)

S

2 Time O(L(m/P + d))

E Work 0(Lm)

2 Work (CRCW)  0(Lm)

L

2]

g Time (CREW) ¢ (Llog(d)(m/P +d))

Work (CREW)  0(Lmlogd)
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COMPLEXITY ANALYSES

Pulling

Pushing

Let 6s

No worri es,

h edll Pese detallg hete J

only see

comparisons (others are similar)

Time

Work
Time (CRCW)

Work (CRCW)
Time (CREW)

Work (CREW)

PageRank |
max degree °

0(‘./‘4_ '))/ in a graph

AN
O(Lm) #edges

0 (L(m/P + d))
O(Lm)

0 (Llog(d) (m/P + d))
O(Lmlogd)

we
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Pulling

Pushing

Let 6s

N o
only see

comparisons (others are similar)

Time

Work
Time (CRCW)

Work (CRCW)
Time (CREW)

Work (CREW)

PageRank
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Write conflicts (W

Pushing entails more write conflicts (must
be resolved with locks or atomics.
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Write conflicts ‘W '
®

Pushing entails more write conflicts (must
be resolved with locks or atomics.

Atomics/Locks

'
@
compl et el y ( FSEepping, R

MST) or it changes the type of
conflicts from f to i (BC).

Pulling removes atomics or locks
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COMPLEXITY ANALYSES
HIGHLIGHTS

Write conflicts ‘W '
®

Pushing entails more write conflicts (must
be resolved with locks or atomics.

Memory accesses

Pulling in traversals (BFS,

_ BC,SSSP-2) ent ai
Atomics/Locks time and work.

Pulling removes atomics or locks
compl et el y ( FSEepping, R
MST) or it changes the type of

conflicts from f to i (BC).
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RESEARCH QUESTIONS

How do they differ in
complexity?
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PUSHING VS. PULLING
RESEARCH QUESTIONS

What is performance?

Is pushing or pulling

: faster? When and why?
How effective are

the incorporated

strategies? What is the impact of the

programming model?
environment?
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Synthetic graphs
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TYPES OF GRAPHS

Synthetic graphs

Kronecker [1]

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
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PERFORMANCE ANALYSIS
TYPES OF GRAPHS

Synthetic graphs

Kronecker [1]

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960.
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Real-world SNAP graphs [3]
TYPES OF GRAPHS

Synthetic graphs

Kronecker [1]

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960.
[3] https://snap.stanford.edu
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PERFORMANCE ANALYSIS

Real-world SNAP graphs [3]
TYPES OF GRAPHS

S Social networks

Synthetic graphs

Road networks
Kronecker [1]

o S0 ]
M s
e w ' ° @
/ w & e g Si
Comm. graphs E E:
Citation graphs Web graphs
agh
&g

Purchase networks

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960.
[3] https://snap.stanford.edu
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Counted PAPI events

Cache misses (L1, L2, L3)

Reads, writes

Branches (conditional, unconditional)
TLB misses (data, instruction)
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PERFORMANCE ANALYSIS
COUNTED EVENTS

Counted PAPI events

Cache misses (L1, L2, L3)

Reads, writes

Branches (conditional, unconditional)
TLB misses (data, instruction)

Other counted events

Issued atomics

Acquired locks

Messages (sent, received)

RMA accesses (reads, writes, atomics)
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rca:; road network
BOMAN GRAPH COLORING

Shared-
Memory

FE FE

FE



